This paper is concerned with the initial boundary value problems of the system modeling the compressible viscoelastic fluid of Oldroyd type. The global in time solution is proved to exist uniquely near the equilibrium state in H 2 .
Introduction
In this paper, we will consider the initial boundary value problem to the following compressible viscoelastic fluid system of Oldroyd model exterior domain of any bounded region with smooth boundary. System (1.1) is one of the basic macroscopic model for compressible flows exhibiting elastic properties, which corresponds to the so-called Hookean linear elasticity. For more physical background about this system, we refer to [4, 10] .
In the context of hydrodynamics, the motion of the fluid is classically described by a timedependent family of orientation preserving diff-isomorphisms x(t, X), 0 t < T . Material points X in the reference configuration are deformed to the spatial position x(t, X) at the time t. Then the deformation tensor U (t, X) is defined as
When working in the Eulerian coordinates, we define U (t, x) such that
U t, x(t, X) = U (t, X).
Applying the chain rule, we see that U (t, x) satisfies the following transport equation
which stands for
We point out that, in this paper, we will use the notations
and take the convention of summing over repeated indices. There are many attempts to capture different phenomena for non-Newtonian fluids, see [3, 4, 7, 10] . The fluid of Oldroyd type is one of the classical non-Newtonian fluids with elastic property. In the incompressible case, the system takes the form:
where the unknown p represents the pressure.
Recently, the system (1.3) has been studied extensively. For the Cauchy problem, the wellposedness results were established by Lin et al. [10] , Chen and Zhang [2] , Lei et al. [9] in Hilbert space H s and Qian [16] in critical Besov space, while, for the initial boundary value problem, it was proved by [11] in the bounded domain. The main difficulty for (1.3) lies in the lack of damping mechanism on U . To overcome it, some important relations are used to show that some linear terms in the system are in fact high order terms. For example, Lei et al. [9] found the relation
with H = U − I , which implies ∇ × H is a high order term, while the authors of [2, 11] used the following quantities: 5) which was introduced by Sideris and Thomases [18] to study the incompressible isotropic elastodynamics. An important property of F in (1.5) is that it is curl free.
For the compressible viscoelastic system (1.1), Lei and Zhou [8] proved in R 2 the local existence of smooth solutions for sufficiently small disturbances from the general incompressible initial data and its convergence to the global solution of the incompressible equations by means of compactness argument. As for the global well-posedness of near equilibrium, it was studied recently by our previous paper [17] in critical Besov space for the Cauchy problem in R d with d 2 and also by [5] with nonzero density in critical space independently. Also, we would mention that, there are many mathematical results concerning the systems when additional damping mechanisms are added, for which we refer to [1, 12] and the references therein. Let us now outline the main points for the study in this paper. System (1.1) can be a typical example of the quasilinear hyperbolic-parabolic systems in [6] , for which local well-posedness of initial boundary value problems have been studied with full generality. When studying the global wellposedness for the viscoelastic systems, a new difficulty arises since there is no boundary condition for the tensor U , see also [11] . To overcome it, the authors of [11] 6) and ψ| ∂Ω = 0, since v = 0 on ∂Ω. We shall show in Section 2 that the introduced function ψ is also valid for studying the compressible system (1.1). However, in contrary to the case of incompressible flow [11] , direct usage of the priori estimates for the linear Stokes operator is not sufficient for us to obtain the high order estimates for v and ψ . Here we need a more detailed argument using the trick of estimating the tangential derivatives and the normal derivatives separately. This is motivated by [14] . As compared to the compressible Navier-Stokes equations [13] [14] [15] and the incompressible system [11] , more intrinsic properties of the flow system are needed to get the dispersive estimates of U and ρ. See Lemma 3.4, for example. Besides, we would mention that, in this paper, only for the case of the half space R d + is a detailed proof of the a priori estimate given. For the case of bounded domain and exterior domain, it can be proved by modifying the proof by using the standard technique in [13] and [14] .
The rest of this paper is arranged as follows. Our main results are presented in Section 2 and the proof of the global existence of small solution will be given in Section 3.
The main results
We shall state our main results in this section. Let us begin with the local existence and uniqueness of the solution of problem (1.1)-(1.2). This does not rely much on the structure of the equations. Recently, Kagei and Kawashima [6] have proved the local H s -solvability (s [n/2] + 1 being an integer) of the initial boundary problem for a general class of hyperbolic-parabolic system. In fact, we have the following local well-posedness theorem, which directly from the classical result in [6] . 
Theorem 2.1 (Local existence
Then there exist positive numbers T and C such that problem (1.1)-(1.2) has a unique solu-
Before stating the global well-posedness result, let us review some intrinsic properties of the compressible viscoelastic fluids. These properties reflect the underlying physical origin of the problem, and more importantly, are essential to the proof of the global existence result. [17] .) The density ρ and deformation tensor U in (1.1) satisfy ∇ · ρU
Lemma 2.1. (See
respectively.
Let G and F be defined by (1.5), then the second identity in (2.1) is equivalent to the curl free property of G or F . From (1.1) 3 we can find that G satisfies
For further, let X(t, x) be determined by 
2 ). Moreover, the above solution decays exponentially to the equilibrium state (ρ, 0, I) in the case of bounded domain.
The proof of global existence
In this section, we shall prove the global existence of the solution with small initial data (Theorem 2.2). It suffices for us to prove the global a priori estimate. For the first, we need to reformulate the system (1.1) based on the new variables ψ , G and F introduced in Section 2.
By recalling
and
In what follows, we will use the notation
Let ρ =ρ + σ . From the first identity in (2.1), we have
By using (2.1), (3.2) and (3.3), system (1.1) can be rewritten as
Starting from (3.5), we are going to prove the global a priori estimate for the unique solution constructed in Theorem 2.1 under the assumption in Theorem 2.2. Let us first give the linearized version of the above system: 6) with the initial boundary values
Here,
Estimates for the linearized system
In this subsection, we shall give some estimates for the linearized system (3.6)-(3.7) in a few lemmas, which will be used to deduce the a priori estimate. First of all, by taking integration of
Note that v t , ψ t satisfy the same boundary condition with v and ψ . By differentiating (3.6) with respect to t, similarly we can get
(3.10)
By taking integration, we get for l = 0, 1,
where 
(3.14)
Next, by taking integration of
we have
Lemma 3.2. The following estimates holds
The following estimates are confined with case of the half space Ω = R d + . Since the tangential derivatives of the solution of (3.6) satisfy the same boundary conditions (3.7), we can obtain the estimates for these similarly to (3.14), (3.15) . Let us denote the tangential derivatives by ∂ = (∂ 1 , ∂ 2 ) and integrate the following equalities for each k = 1, 2 by using integration by
we can get Lemma 3.3. For k = 1, 2, the following estimates holds (3.17) where
Also, by integrating the following equality
and using the fact that
which is followed from (3.4), we can get 
Similarly, by derivation, we can get
We next need the following lemma for the regularity estimates of the Stokes system 
+ ∇u , (3.23) where the last term on the right-hand side is necessary in the case of exterior domain, but not for the half space and bounded domain case.
Since for the tangential derivatives of w, we have ∂ w| ∂Ω=0 . So if applying ∂ to the second equation of (3.6), we will get by taking u = ∂ w in Lemma 3.6. Lemma 3.7. For l = 0, 1, 2,
(3.24)
Remark 3.2. Note that, since we have no estimate for ∇ w or ∇ψ (see Remark 3.1), Lemma 3.6 can't be used to estimate ∇ 2+l w by taking u = w. Moreover, since there is no boundary condition for ∂ 3 w, neither can Lemma 3.6 be used to estimate ∇ 2+l ∂ 3 w .
Finally, to estimate ∂ l 3 w , we shall use the following lemma, which is directly from (3.6) 2 , (3.4) and (3.13).
Lemma 3.8. We have, for i = 1, 2 and l = 0, 1,
(3.26)
The a priori estimate
Now let us deduce the a priori estimate based on the above lemmas. The detailed proof is given only for the case of half space Ω = R d + , which is divided into the following five steps. For the case of bounded domain or exterior domain, similar a priori estimate can be obtained by modifying the proof using the standard technique in [13] and [14] that involves separating the estimates of solution into that over the region away from the boundary and near the boundary. We refer to [13] and [14] for the full details of their proofs.
In the following, we use the expression A J , which implies that the term A is denoted by J .
Step I:
(I1) By Lemma 3.1, l = 0, we have
ds .
(3.28) (I3) Plugging (3.27), (3.28) into (3.18) for k = 1, we can get
ds . (3.30) (I5) Plugging (3.28), (3.30) into (3.18), k = 2, we can get
(3.31)
Step II: Estimates for ∇ 2 w 1 , ∇σ 1 .
(II1) From (3.4), we can see
(3.32) (II2) Plugging (3.28), (3.29), (3.32) into (3.25), l = 0, we can get
ds . 
(3.36) (II6) Plugging (3.28), (3.30), (3.36) into (3.24) l = 0, we get 
